Abstract. A material is spherically uniform when its generalized Hooke's law at each material point referred to a spherical coordinate system is the same everywhere. We study a sphere of spherically uniform linear anisotropic onedimensional quasicrystalline material subjected to radial phonon and phason strains on its surface. For a certain range of material parameters the phonon as well as the phason stress diverges at the center. The applied phason strain does not affect the phonon field but the phason field is disturbed by the phonon strain. "White hole" at the center may occur when the sphere is subjected to uniform tension while uniform pressure may cause a "black hole". This behavior depends only on a dimensionless material parameter and the kind of applied strain but not on its magnitude.
Introduction
Quasicrystals (QCs) (solids with a long-range orientational order and a long-range quasiperiodic translational order (Levine and Steinhardt, 1984) ) have become the focus of theoretical and experimental studies in the physics of condensed matter since the first discovery of the icosahedral QC in Al-Mn alloys (Shechtman et al., 1984) . The physical properties, such as the structural, electronic, magnetic, optical and thermal properties, of QCs have been investigated intensively (Socolar et al., 1986; Ronchetti, 1987; Wollgarten et al., 1993) . Elasticity is one of the interesting properties of QCs. Within the framework of the Landau theory, the elastic energies of QCs were formulated (Bak, 1985; Levine et al., 1985) . In particular, the field of linear elasticity theory of QCs has been investigated for many years (Ding et al., 1993; Wang et al., 1997) . It provides us with a fundamental theory based on the notion of a continuum model to describe the elastic behavior of QCs. For a comprehensive review, see Hu et al. (2000) and Fan and Mai (2004) .
Recently, some remarkable results have been discovered in the study of the pressuring of a sphere. Under the assumption that the material is nonlinearly elastic but transversely isotropic with an axis of symmetry at the radial direction, Antman and Negron-Marrero (1987) first observed that the stress at the center of the sphere is infinite when the applied pressure exceeds a critical value. Similar remarkable results were obtained by Ting (1999) who studied a sphere of a spherically uniform linear anisotropic elastic material, which is a special inhomogeneous anisotropic elastic material. He has proved that the existence of the singular stress and displacement at the center of the sphere is independent of the applied pressure and relies simply on a dimensionless material parameter. Moreover, Antman and Ting (2001) show that there are many nonlinear anisotropic materials for which spherically symmetric bodies under spherically symmetric loads undergo spherically symmetric deformations.
In this paper we also study the sphere problem but with spherically uniform linear anisotropic one-dimensional (1D) QC materials, which implies that the generalized Hooke's law referred to a spherical coordinate system is the same for each material point. We prove that the same remarkable nature is maintained. With the starting point of the positivity of strain energy density, restrictions on certain parameters are presented as well. The results for QC materials can be reduced to the results for elastic materials obtained in the literature. Therefore, a similar remarkable nature can be shown for QC materials.
Basic equations in spherical coordinate system
A 1D QC refers to a three-dimensional (3D) solid structure with periodic arrangement in a plane and quasiperiodic arrangement in the orthogonal direction. Recently, Wang et al. (1997) derived all 31 possible 1D QC point groups, which can be divided into 10 Laue classes and 6 1D QC systems: triclinic, monoclinic, orthorhombic, tetragonal, trigonal and hexagonal systems, and obtained a generalized Hooke's law of 1D QCs. Following Wang et al. (1997) , the general equations governing the 3D theory of 1D QCs in the absence of body forces, can be written as:
where the comma in the subscript denotes differentiation, the repeated indices imply summation, and the indices i, j, k, l take the values 1, 2, 3. u k and w 3 denote phonon and phason displacements in the physical and perpendicular spaces, respectively, s kl and e kl phonon stresses and strains, H 3j and w 3j phason stresses and strains, C ijkl and K 3j3l elastic constants in phonon and phason fields, respectively, and R ij3l phonon-phason coupling elastic constants. For the problem of spherically symmetrical anisotropic QC materials, it is more convenient to employ a spherical coordinate system (r, q, j). The radially symmetric deformation implies that u r and w r are the only nonzero displacements and depend on r only. That is u r ¼ uðrÞ ; w r ¼ wðrÞ ;
Thus the equations of deformation geometry (1) 
where the superscript "T" denotes the transpose of a matrix. Hence the generalized Hooke's law (3) can be expressed in the form of matrix
where C, K are the material constants matrices in phonon and phason fields, respectively, R the material constants matrix of phonon-phason coupling field. In the most general case of anisotropy, there are altogether 45 independent constants in Eq. (8), which include 21 phonon constants, 6 phason constants and 18 phonon-phason coupling constants. The present study is concerned, in particular, with the radially symmetric deformation of spherically symmetrical anisotropic QC materials. Thus only 21 independent material constants, which include 10 phonon constants, 3 phason constants and 8 phonon-phason coupling constants, are involved in matrix form as 
where C 1 and C 3 are 3 Â 3 block matrices
Substitution of Eq. (5) into Eq. (8) and then into Eq. (6) leads to two differential equations with respect to u and w
The general solutions for Eq. (10) are known as
Then, the stresses can be given through Eqs. (5) and (8),
In the preceding Eqs. (10)-(12), A, B, A * , A þ are unknown parameters yet to be determined, and other parameters satisfy
Discussion on the material constants
Due to the requirement of the positivity of strain energy density, the material constants matrices C and K have to be positive definite, as shown in Ref. (Ting, 1996) . From the definition of K in Eq. (9), the positive definiteness of K then means K 11 > 0. It is also clear that C is positive definite when C 1 and C 3 are positive definite. Since the analysis in the last section does not involve the matrix C 3 , it suffices to discuss only the positive definiteness of the matrix C 1 , which can be ensured by the following equations
In view of Eqs. (13) and (14), the following inequality can be satisfied,
with the j defined in Eq. (13) gives
It can be found from Eqs. (13) and (15) that h and j are two real numbers. Hence j is an arbitrary positive, nonzero parameter, i.e., 0 < j < 1. It also follows from Eqs. (13) and (16) 
The sphere under a uniform radial traction and phason displacement
For a solid sphere of outer radius R, the strain energy E reads
where W is the solid angle. When s, e, H, w are proportional to r d , we can take E as
The positivity of the strain energy E requires that d satisfies the inequality d > À 3 = 2 . It can be seen from Eqs. (12) and (13) that if d is equal only to l þ À1, not to l À À1 or -2, the positivity condition of the strain energy can be satisfied. Hence the parameters A -and A in Eqs. (11) and (12) can be set equal to zero. As a result, Eqs. (11) and (12) can be in simplified as
Consider a solid sphere subjected to a uniform radial stress s 0 and phason displacement w 0 at the outer surface. The boundary conditions at the outer surface r ¼ R are
Imposing the boundary conditions (22) on Eq. (12), one can determine the parameters A þ and B
Insertion of Eq. (23) into Eqs. (20) and (21) leads to the displacements and stresses in phonon and phason fields
It is clear from Eqs. (24) and (25) that s rr , s, s jj and u are all positive if s 0 > 0 and negative if s 0 < 0. Moreover, one can see that there is no influence of the applied phason field on the phonon field, but the phason field is disturbed by the applied phonon field. In particular, the results for the QC material obtained here can degenerate to the results for the elastic material by Ting (1999) . In this case, the parameters C * 11 , g, h, j, l þ defined in Eq. (13) read
which are the same as the corresponding parameters presented by Ting. Then the expressions of the displacement and stresses for the elastic material can be obtained directly from the corresponding expressions for the QC material. Therefore, the results obtained here are considered reliable as a basis for more general applications.
Results and discussion
Ting (1999) has pointed out the remarkable nature for the sphere problem of anisotropic elastic material. In view of the results obtained in the last section and comparing them with the discussion by Ting, we will expound in this section that the similar remarkable phenomenon appears in the sphere problem of anisotropic QC material. As discussed in Section 3, the parameter j can cover the range (0, þ1) without loss of the positivity of elastic strain energy density. Since j appears in the solution of the sphere problem in the exponents, the characteristics of the phonon and phason field in the solid sphere can change significantly when j taking different values.
First, we discuss the stress field. It is clear that s 0 > 0 corresponds to a uniform tension while s 0 < 0 corresponds to a uniform pressure applied on the surface of the sphere. When j > 1 the phonon stresses at the center r ¼ 0 of the sphere vanish. When j ¼ 1 the phonon stresses are uniform everywhere in the sphere, namely, s rr ¼ s¼ s jj ¼ s 0 . However, when 0 < j < 1 the phonon stresses increase as r ! 0, and become infinite at r ¼ 0. Therefore, whether the phonon stresses at the center of the sphere are singular or not depends only on whether 0 < j < 1 or j ! 1. It should be noted that, in order to satisfy the positivity condition of the strain energy, the phason stresses vanish everywhere in the sphere.
The remarkable nature of 1D QC One thing to consider is the possibility of the stress singularity while the strain energy remains bounded. In order to bound the strain energy, one obtains from Eq. Thus the stress singularity for the sphere can tend to r À3/2 . Then, let us consider the displacement field. The phonon and phason displacements are finite in the sphere when j > 1 = 3 and uniform everywhere in the sphere when j ¼ 1 = 3 , and thus no displacement singularity in the sphere. However, the phonon and phason displacements increase as r ! 0 when 0 < j 1 = 3 , and turn to be infinite at the center of the sphere. The finite or infinite displacement at the center of the sphere practically implies the formation of "white hole" when the phonon displacement is positive, which can be realized when s 0 > 0. This behavior is similar to the phenomenon of cavitation in fluids where infinitesimal pre-existing nuclei of undissolved gas grow into clearly visible cavities.
On the other hand, when the applied stress is a pressure, namely, s 0 < 0, the phonon displacement u is negative at r ¼ 0, which indicates that material particles move to the center of the sphere. A physically unacceptable interpenetration, namely, "black hole", may be formed near the center of the sphere. In fact, the theoretical prediction of "black hole" is due to the general theory of relativity, which is built on the principle that the speed of light in vacuum is constant. Ting (1999) has offered the physical explanation for the existence of "black hole" as follows.
In theory, any mass would become a "black hole" when sufficiently compressed. When s 0 < 0 and 0 < j < 1, the phonon stresses become infinite at r ¼ 0 and here exists a region 0 r q < R in which Àu(q) ! q. Therefore, the mass in the region 0 r q is crushed to a "black hole" at the center r ¼ 0 of the sphere. To find the critical radius q of the sphere, we assume Àu(q) ¼ q in Eq. (24) and obtain
Up to here the existence of the remarkable nature in a QC material relies simply on a dimensionless material parameter j and the type of the applied stress s 0 , but independent of the magnitude of the stress s 0 . Moreover, this remarkable nature is similar to the one studied by Ting (1999) except that he considered the material to be elastic.
Summary
In this paper the sphere problem of spherically uniform linear anisotropic QC material is studied. The generalized Hooke's law for the material is assumed to be the same for any material point referred to a spherical coordinate system and the sphere is subjected to uniform stresses on its surface. It is concluded in the study that there is no influence of the applied phason field on the phonon field, but the phason field is disturbed by the applied phonon field.
The same remarkable nature is observed as that for a spherically uniform anisotropic sphere. It is shown that the characteristics of the phonon and the phason fields in the sphere largely depend on the material parameter j, which is defined in Eq. (26). The phonon stress field of the sphere has no singularity point when j > 1, become uniform in the whole sphere when j ¼ 1, but has a singularity at the center of the sphere when 0 < j < 1. The phason stresses vanish everywhere in the sphere. On the other hand, the phonon and phason displacements are finite in the sphere when j > 1 = 3 , uniform everywhere in the sphere when j ¼ 1 = 3 , and become unbounded at the center when 0 < j 1 = 3 . Particularly, a "white hole" or a "black hole" is predicted for certain cases. When the applied loading on the surface is a uniform tension and 0 < j 1 = 3 , a "white hole" appears at the center of the sphere. When the applied loading on the surface is a uniform pressure and 0 < j < 1, a "black hole" is formed at the center of the sphere.
Note: By using the method developed in this paper, the similar discussion about remarkable nature of spherically uniform linear anisotropic higher-dimensional QCs, such as 2D or 3D QCs, can be expected. The issue will be further and detailed discussed in our other articles, but will not be addressed here.
